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This  pape r  is concerned with the de te rmina t ion  of the spec t r a l  absorpt iv i t ies  K w and em i s s iv i t i e s  ~ of a 
t he rmodynamic -equ i l i b r i um mix ture  of combustion products  consis t ing of CO 2, H2G, CO, OH, HC1, HF, H 2, and 
NO molecu les  on the t empera tu re  in te rva l  2000-5000 ~ K~ The proposed calcula t ion method,  based  on the 
use of a graph of the mo lecu l a r  absorp t iv i t i e s  reduced to a tmospher ic  p r e s s u r e ,  enables Kc0 and ~ to be ca l -  
culated for any gas mixture  composed  of the above-ment ioned  molecu les .  

1. The emi s s iv i t y  of a unit a rea  on the surface  of a uni formly  heated gas volume V is 
co 

0 

Here ,  Sco is the spee t r a l  flux densi ty ,  co is the wave number ,  ~ is the Stefan~Boltzmann constant,  and T is t e m p e r -  
a ture  in ~ Engineers  f requent ly  use  the value of ~ for  an a r e a  e lement  located at the cen te r  of the base  of a h e m i s -  
phe r i ca l  volume of radius  R: 

e --" - ~  ~ [1 -- exp (-- K J/)] Bo~do. (1.2) 
0 

Here ,  Boo is P lanck ' s  function and Kc0 is the spec t r a l  absorpt iv i ty .  In what follows the quanti t ies  have the follow- 
ing d imensions :  6o [em-l] ,  iQo[cm-l] ,  R[cm], cr = 5.66 " 10 -12 W / c m  2. Obviously,  for  a gas volume of a r b i t r a r y  con- 
f igurat ion it is poss ib le  to find an ef fec t ive  radius such that the ~ calculated f rom (1.1) and (1.2) coincide.  The re su l t s  
of calculat ions  of the effect ive radi i  for  va r ious  configurat ions a r e  p resen ted  in [1]. 

The spec t r a l  absorp t iv i ty  Kco depends on the concentra t ion of absorbing pa r t i c l e s  Ni and the mo lecu l a r  absorp -  
T 

t iv i t ies  (~wi: 

K~ = y o s  = E %~p~' (:.3) 

Here ,  Pi is the par t i a l  p r e s s u r e  of the i - th  component and o-~ i has been wr i t ten  with al lowance for induced e m i s -  
sion. 

In the range of t e m p e r a t u r e s  cons idered  (T = 2000-5000 ~ K, the range c h a r a c t e r i s t i c  of combust ion products) the 
pr inc ipa l  absorpt ion  p r o c e s s e s  a r e  v ib ra t iona l - ro ta t iona l  dipole t rans i t ions  in d ia tomic  and t r i a tomic  molecu les .  The 
absorpt ion spec t rum of these  molecu les  cons is t s  of ro ta t ional  l ines grouped around the cen te r s  of the v ibra t ional  bands.  
In the genera l  case  in o r d e r  to de t e rmine  a ~  it is n e c e s s a r y  to know the absorp t iv i t i e s  integrated ove r  the rotat ional  
l ines and a lso  the locat ion and width of each of the la t te r .  The exact  solution of this p rob lem with al lowance for  al l  the 
fac tors  is v e r y  compl ica ted .  In most  cases  it is made difficult ,  in pa r t i cu la r ,  by a lack of informat ion  on the line widths.  
Frequent ly ,  however ,  in p rob lems  connected with radia t ive  t r a n s f e r  in combust ion products  owing to the high t e m p e r a -  
tu res  and p r e s s u r e s  the absorpt ion spec t rum consis ts  of complete ly  over lapping lines belonging to the v ibra t iona l  bands,  
which par t ia l ly  or  complete ly  over lap  each o ther .  Thus, at t em pe ra tu r e s  T ~ 3000 ~ K for a s e r i e s  of molecu les ,  o v e r -  
lapping of the lines is observed  at  the following p r e s s u r e s :  H20 ~ 1 a tm,  CO 2 ~ 1 a tm,  CO ~ 10 atm, HCl ~ 18 arm, 
NO ~ 13 arm, OH ~ 20 and HF ~ 40 arm.* 

*The values  of the l imi t ing p r e s s u r e s  c h a r a c t e r i s t i c  of the t empe ra tu r e  range in quest ion were  es t imated  f rom the 
condition of overlapping of the rota t ional  l ines ,  s ta r t ing  f rom the exper imenta l ly  measu red  values of the line ha l f -  
widths,  the gaskinet ic  co l l i s ion  d i a m e t e r s ,  and the measu red  dependence of the in tegra l  absorpt ion of the v ibra t ional  
bands on the total p r e s s u r e  in the gas mix ture .  
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If we cons ide r  that for these molecules  the band l ines par t ia l ly  overlap,  the above-ment ioned p r e s s u r e  l imits  
can be shifted by a factor  of about 1.5 in the d i rec t ion  of s m a l l e r  values .  As a resul t ,  in computing Kco the de t e rmina -  
tion of the half-width of the lines is not a nece s sa r y  procedure ,  and the shapes of the v ibra t ional  bands can be de te r -  
mined by an approximate ,  re la t ive ly  s imple  method. 

We will  cons ider  the integrated absorpt iv i ty  of a group of v ibra t ional  bands,  for which the change in the v ib ra -  
t ional quantum number  Av = n: 

~(')= ~ ~(vL v"+n), a(v", v"+n).--~I:%(v" , ,;"+n, J")do. (1.4) 
v"=O J" 

Here, J" is the rotational quantum number of the lower state of the molecule. The value of Crco(J") is propor- 

tional to [2] 

/(g,,) =.to exp [--k@ G,,.r,, (:,, + ~)], (1.5) 

B~,,, = Be -- % (v" + *h)" (1 .6)  

Here,  By" is the rotat ional  constant  of level v"; Be is the rotat ional  constant  corresponding to the equi l ibr ium 
in te rnuc lea r  distance;  ae  is a spectroscopic  constant .  Data on Be and ae  can be found for var ious molecules ,  for ex- 
ample,  in [3]. We seek the mean value (Kco), calculated for a unit  p r e s s u r e  of 1 atm,  for a group of v ibra t ional  bands 
Av = n: 

K(n) \ -- ~(,), Ao( n ) ( 1.7) 
o~ /-- / ' 

where Aco(n) IS the equivalent width of the band group. 

Then the emissivity z for a system of vibrational bands with allowance for overlap is expressed as the sum over 

the i components of the gas mixture and j averaging intervals: 

(1 .8)  
2 

Here,  (Kj i )  is the absorpt iv i ty  of the i-th molecule averaged over  the wave number  in te rva l  &wji. The method 
of de te rmin ing  (Kij )  and Acoji is i l lus t ra ted  in Fig. 1. Thus,  each group of v ibra t ional  bands is associa ted with an ef- 
fective width sa t is fying the condition 

f Icin)d~ = K(d)a~('~ = ~ ~ (v", v" + n). (1.9) 
Ao(n) v"=0 

The choice of effective bandwidth can be quite a r b i t r a r y ,  since in accordance with (1.8) a change in Kw is to a 
cons iderable  extent  compensated by an opposite change in Aco. 

tO 

Fig. 1 

Determinat ion of the 
total  absorpt ivi ty  
(solid curve) by means 
of the absorpt iv i t ies  
of the effective bands 
(dashed and dash-dot  

curves). 
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2. One o f  the  s i m p l e s t  me thods  of  d e t e r m i n i n g  the e f f e c t i v e  bandwidth i nvo lves  u se  of  the  f a c t o r f ( J )  f r o m  Eq .  
(1.5), which is  p r o p o r t i o n a l  to the i n t ens i t y  of  the  r o t a t i o n a l  f ine.  F r o m  the equa t i on  of  the  r o t a t i o n a l  t e r m  

J ' (v + ~/..)1 J (J z_ 1), 17, (d)= By] (  T 1)= [B e -  a e (2.1) 

i t  fo l lows  that  the  d i s t a n c e  b e t w e e n  the r o t a t i o n a l  l ines  of  the  P and R b r a n c h e s  of  the band v ~ v"  § n, which have  the  
s a m e  s t a r t i n g  va lue  o f  J ,  i s  equa l  to 

' ~ ' ( , ; " ) = - z f [ t - \  ' ' +  2 j ~ l  J ( :+ l ) '  (2.2) 

w h e r e  a double  p r i m e  deno te s  quan t i t i e s  r e l a t i n g  to the l o w e r  v i b r a t i o n a l  s t a t e .  H e r e  and in what  fo l lows  h o / k  = 1.438 
c m  -1, and q e  and Be a r e  e x p r e s s e d  in c m  - l ,  

As the e f f e c t i v e  bandwidth ,  in a c c o r d a n c e  with  [2], we take the d i f f e r e n c e  of the  wave  n u m b e r s  of  the t ines  of  the  
P and R b r a n c h e s ,  fo r  which  the  v a l u e  o f  the funct ion  f (J) f r o m  Eq .  (1.5) is  10 -3 of  the m a x i m u m  va lue  o f f ( J )  fo r  a 
g iven  t e m p e r a t u r e .  The  m a x i m u m  of  J is r e a c h e d  at 

Zh % IT-" Jmax =2.48T% { Be[l--@ + 2 ] Bel l  �9 (2.3) 

So lv ing  the equa t i on  

we obta in  

! (Jmax) = t0-ff (0% (2,4) 

{ ".[ 
, -  T + } (2.5) 

Subs t i tu t ing  (2.5) into (2.2) and c a l c u l a t i n g  the c o n s t a n t  coe f f i c i en t ,  we h a v e  

Ao~)=  [ t - - ( v "  n + i  % B +  Ji ' ore-'. (2.6) 

It  fo l lows  f r o m  Eq. (2.6) that  the e f f e c t i v e  bandwidth  d e c r e a s e s  wi th  i n c r e a s e  in the v i b r a t i o n a l  q u a n t u m  n u m b e r ,  
F ind ing  the  u p p e r  l i m i t  of  the e f f e c t i v e  width and a s s u m i n g  that  in m o s t  c a s e s  Oze/B e ~ 5 �9 10 -2, we r e d u c e  (2.6) to the 
f o r m :  

nq- i ae 
A(o(") = 9.93 [ i - - ( , ~ )  ~e l (TBe)'/2 , cm-'. (2.7) 

E x p r e s s i o n  (2.7) does  not  t ake  into accoun t  the band edges  that  m a y  l i m i t  the  e f f e c t i v e  bandwidth  on the  s h o r t -  
wave  s ide  of the s p e c t r u m .  

Obv ious ly ,  the  cond i t ion  that  the  band is l i m i t e d  by an edge  on the longwave  s ide  i s  g i v e n  by  the inequa l i ty  

,r ...... > ,r*, (2 .8 )  

Using  Eq .  (2.3) and (2.5) and inequa l i ty  (2.8), we obta in  the  edge  c r i t e r i o n :  

y~6.i5%~.n~Be_S[t__(3v, ,~2nq_ 3 ~ ] a  e -1 
2 I--~eJ >'1. (2.9) 

F o r  p u r p o s e s  of  i l l u s t r a t i o n  we p r e s e n t  be low v a l u e s  of  the c r i t e r i a  Y = Yl fo r  the  fundamen ta l  band (n = 1) and 
Y = Y2 for  the f i r s t  o v e r t o n e  (n = 2) : 

OH HE1 NO CO CO~ 

1 ~ Y~ Y2 Y1 Y2 Y1 Y2 Y~ Y2 Yx 

2000 0.94 3.7 0.94 3.8 0.7~ 3.t 0.52 2.t 1.9 
3000 1.4 5.6 t.4 5.6 1.2 i 4.2 0.78 3.t 2.9 
4000 t.9 7.5 1.6 7.5 t.6 5.7 1.05 4.2 3.9 

The w a v e  n u m b e r  of the edge  l i m i t i n g  the e f f e c t i v e  bandwidth  on the  s h o r t w a v e  s ide  can  be  found f r o m  the e q u a -  
t ion [4] 
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(By, -4- Bv.p 
o)~ = ~Oo - -  4 (B v, - -  By.) (2.10) 

where co o is the wave number  of the center  of the band.  

After  subst i tut ing (1.6) into (2.10) and t r ans fo rming  the express ion  obtained,  we have 

ho) (~)k = o)k --O)o---- [ B e -  ae (v" + 1A (n + t))p (%n)-z. (2 .11)  

We use the following abbreviated notation for the effective width of the band corresponding to a t rans i t ion  with a 
change in the v ibra t ional  quantum number  by n: 

A(o (~) = Ao)k (') (t -- 6) -l- a (I -}- 6)(0.00IT) % 

6-----0 at Y > / t ;  6 ~ i  at  Y < I  (2 .12)  

a= t'57"tO'[l--O-5(rt + t) ~-~ee ] Bj/~" (2.13) 

For  diatomic and l inear  t r ia tomic  molecules  we use as Be the rotat ional  constant  for the equi l ib r ium in te rnuc lea r  
distance;  for non l inea r  t r i a tomic  molecules  of the a symmet r i c - t op  type (for example,  H20) the constant  Be is equal to 
B~-gC, where B and C are  the rotat ional  constants of the a s y m m e t r i c  top. The re su l t s  of a de terminat ion  of the coeffi-  
cients  required  in calculat ing the effective width for the bands making the chief contr ibution to emiss ion  and absorpt ion 
in the t empera tu re  range in quest ion a re  presented in Table 1. 

In this case for all  the molecules except H 2 we have used the molecular  constants  given in [3]. For the H 2 mole-  
cule the constants  for the effective bandwidth in the in f ra red  region of the spec t rum were obtained on the basis  of an 
analys is  of theoret ica l  study [5]. 

3.  The method of de termining  the integrated absorpt ivi ty  (1.4) of the band group Av = n is based on the equation 
express ing  the dependence of a(n) on t empera tu re :  

~(~) (r) = ~ -  ~(~)(r0) r (r). (3.1) 

Table 1 

I co I .c ,  oH j No 

- I *  2 1  ' 2 1  * i 2 ' I  2 
~on 2t43 4258 2885 5765 3569 6953 1876 3700 3959 7747 

A ~  208 105 350 172 46t 230 i6O 80 467 207 
a 2t9 2t8 5t0 487 673 570 204 200 7i3 679 

I H~ C02 H~O 

Am~ 

4500 
0 

566 

t 2 

2349 37t6 
49 41 
396 407 

5109 
36 
472 

15910 37000 ] 53500 

502 502 504 

7240 
0 

502 

9t00 
0 

502 

Here ,  T o is a fixed t empera tu re ,  for example,  300 ~ K; ~(n) (To) is the integrated absorpt ivi ty  at that t empera tu re .  
For  a diatomic molecule the function cI,(T) has the form [6]: 

I -- exp (-- 'q~o.) 
�9 (') (7) : l - -  exp (--  q(ool) n' 

hc (3.2) 
T] = k T  

Here,  co0l is the wave number  of the fundamental  band,  and Won is the wave number  of the n- th  overtone.  

For  a l inear  t r ia tomic  molecule we have [27] 

3 
~(n) = H [t -- exp (-- ~lnt%0] 

i=z [i - -  exp (-- ~COoi)]n~ 
(3.3) 
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Fig .  2 

Integrated absorptivities of the mole- 
cules: 1 - C O ,  2 -HCI ,  3 - O H ,  4 -  
NO, 5 - HF, 6 - CO2, 7 - H20. The 
numbers in parentheses denote the 

numbers of the band system. 

H e r e  the s u p e r s c r i p t  n deno te s  the s e t  of t r a n s i t i o n s  v 1 ~ v  I + nl ,  v 2 ~ v 2 + n 2, v 3 ~ v  3 + n 3, and ~01, w02, and wo3 
a r e  the p r i n c i p a l  v i b r a t i o n  f r e q u e n c i e s  of the m o l e c u l e .  

The  r e s u l t s  of d e t e r m i n i n g  o~ at  300 ~ K with  accoun t  fo r  r e c e n t  e x p e r i m e n t a l  da ta  a r e  p r e s e n t e d  in Tab le  2. F o r  
the i n f r a r e d  band of  the H 2 m o l e c u l e  we h a v e  [5] 

a (H~} ~ 629 p2 {H~} T -I cm -2. arm -1. (3.4) 

The  r e s u l t s  of d e t e r m i n i n g  the i n t e g r a t e d  a b s o r p t i o n  c o e f f i c i e n t s  of  c e r t a i n  m o l e c u l e s  d e t e r m i n e d  f r o m  E q s .  (3.2) 
and (3.3) and the  da ta  of Tab le  2, t o g e t h e r  with s p e c t r o s c o p i c  cons t an t s  taken  f r o m  [3], a r e  p r e s e n t e d  in F ig .  2. 

T a b l e  2 

I n t e g r a t e d  A b s o r p t i v i t i e s  * (~) c m  -2 . a rm -1 at 300~ 

i 262 
i95 

21.9 
16.2 
0.405 

H20 CO~ CO / OH n c l  I-IF NO 

2700 
195 
i5 

237 t i00 1.67 4.0 
0.i83 0.098 

't50 
3 68 
O.O91 

t501" 
3.2 

i l l  
2.7 
0.0tt9 

*Al l  the r e s u l t s  w e r e  ob ta ined  by  a v e r a g i n g  the  da ta  of the ind i -  
c a t ed  r e f e r e n c e s .  
~ 'Mean va lue  of  ~01 ob ta ined  f r o m  an a n a l y s i s  of  the da t a  of  [25]. 

4. The  da ta  on A ~  and ~ p r e s e n t e d  above  can  be u s e d  to compu te  the s p e c t r a l  a b s o r p t i v i t i e s  of  any gas  m i x t u r e  
c o n s i s t i n g  of  the  c o m p o n e n t s  m o s t  f r e q u e n t l y  e n c o u n t e r e d  in p r a c t i c a l  c a l c u l a t i o n s :  CO 2, H20, CO, OH, g c 1 ,  HF ,  NO, 
and H 2. C o n s i d e r i n g  that  both A(~ and e~ v a r y  only  s l i gh t l y  wi th  t e m p e r a t u r e  (see  (2.7) and Fig .  2), the fo l lowing  method  
of d e t e r m i n i n g  the m e a n  v a l u e s  ( I ~ )  is  p r o p o s e d .  To d e t e r m i n e  the s p e c t r a l  (Kw} c u r v e  of a gas  m i x t u r e  we f i r s t  
d e t e r m i n e  the  v a l u e s  of ( I ~ }  by m e a n s  of  the ( K ~ i  } da ta  in F ig .  3 fo r  the  ind iv idua l  c o m p o n e n t s ,  whose  p a r t i a l  p r e s -  
s u r e  is  equa l  to i a rm.  T h e s e  v a l u e s  a r e  obta ined  by mul t ip ly ing  ( K ~ i }  by the p a r t i a l  p r e s s u r e s  of  the componen t s  
and then adding.  In the second  s t age  of the c a l c u l a t i o n s  the ( t ~ }  g raph  is  c o r r e c t e d  with  a l l o w a n c e  fo r  the t e m p e r a -  
t u r e  of  the  gas  m i x t u r e  in a c c o r d a n c e  wi th  the  f o r m u l a  

<K~>= <K~> 3000. ~-~. (3.5) 
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Fig. 3 

Graph of mo lecu l a r  spec t r a l  
absorp t iv i t i es  reduced to 1 
atm: 1 - C O ,  2 - H C 1 , 3 - O H ,  
4 -  NO, 5 - HF, 6 - CO2, 7 - 

- -  ' 7 '  J H20 , 6' 0.1 ( I ~ )  CO2, 
lO ~K~> [H20}. 

7 / 

cm-l 

- !  

o 

~ Q ( p  {,z0}~) ,t . . . .  
z 3 

Fig.  4 

E m i s s i v i t y  of H20 molecules  : 
H20. 1) T = 2000 ~ K, 2) 2250~ 
3) 2500 ~ K, 4) 2750 ~ K, 5) 3000 ~ K, 
6) 3250 ~ K, 7) 3500 ~ K, 8) 3750~ 

9) 4000 ~ K. 

-11 

-2 

1,~(p{CO,}R~ atm 

- o  i ~ 3 

Fig. 5 

Emis s iv i t y  of CO 2 molecules :  
I) T = 2000 ~ K, 2) 2500 ~ K, 

3) 3000 ~ K, 4) 3500 ~ K, 5) 
4000 ~ K. 

In many p rac t i ca l  p rob lems  it is n e c e s s a r y  to de t e rmine  e for  combustion products  consis t ing of CO 2 and H20. At 
a t e m p e r a t u r e  T <-: 2000 ~ K values of e a re  usual ly  de te rmined  f rom the data of [1], which were  obtained by genera l iz ing  
the known exper imen ta l  r e su l t s .  Using the data on o~ and Am presen ted  above it is easy  to obtain values  of e~H20~ and 
e~CO~ at t empera tu re s  T = 2000-5000 ~ K. 

The resu l t s  of such calculat ions  a re  p re sen ted  in Figs .  4 and 5. 
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